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¢
Introduction ' eDF

Refraction appears when a wave, that is propagating through a media, is
slowed by the environmental changes. It affects electromagnetic waves in
the air, in land surveying, as well as acoustic beams in hydrography.

Both of these communities have independently developed methods to take
into account refraction in the observations processing.

In this presentation, we will show that refraction in both cases of land
surveying and hydrography can be unified in the same model that takes
benefit to both of their usual methods. After the introduction of the new
model, we will present results from hydrographic surveys simulations.

A huge amount of mathematics is behind this presentation. Please try not
to focus on formulae but rather on the phenomena we try to model.
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State of the art in refraction ¢
Snell-Descartes law : :eDF

A diopter splits space into
two different refractive media.
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nsin | = constant sin /
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See [Torge, 2001] or [Touzé, 2022a]. For hydrographic applications, one can

use the velocity v instead of the refractive index n = ¢.
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State of the art in refraction ¢
Eikonal equation : :EDF

Model deduced from Fermat principle or from the propagation of an electro-
magnetic wave in a refractive media. One can show that Snell-Descartes
implies the eikonal equation [Touzé, 2022a].

d[ dp -
E [n ds:| =Vn
It can be rewritten in a useful way for ray-tracing [Touzé, 2022a] :
5 _Sn_(n a5\ dp
ds2  n n ds ) ds

And with velocity v instead of n :

B <6v dﬁ) dp Vv

ds2  \ v ds)ds v
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State of the art in refraction

Land surveying approach

Meteorological
measurements
T (°C), P (hPa),

Hum (%) Wavelength

Meteorological
model (Ciddor,
Mersenne-
Twister)

Knowing n, the distance
can be computed by the
device from time delays or
phases measurements

T. Touzé

Difference of altitude AH takes into account
the angular deflection by introducing the
refraction coefficient k such as :

D?sin? ¢

AH=D 1—k)———
cos ¢ + ( ) R ‘
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State of the art in refraction
Approach in hydrography

Initial conditions :

q
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G
—~ gi%\ o Position
oy e —
v V(d‘)io/ &g @ Tangential direction at the
~— =T transductor
‘ Knowing the time delay and the
o S velocity profile, by applying snell-
U Descartes law at an infinitesimal

= step, one can deduce the position of

depth. d STEDL@DeE=  the sounding

y
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State of the art in refraction

A bridge has to be built

‘
~ S €DF

@ Refraction modeled by a scale
factor and an angular
deflection

v

@ Standard model of kK ~ 0.13 is
seldom accurate

@ Relationship between k
refraction coefficient and
meteorological data is not
clearly defined

@ Velocity profiles used in
ray-tracing

@ accurate if enough SVP

v

o Ray-tracing makes difficult the
quality checks, in overlapping
area, of velocity profiles

@ As far as | know, the effect of
the velocity gradient is not
taken into account

Both terrestrial and hydrographic approaches can improve each other!
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Unified refraction model N}
Hypothesis & coordinates problem @ :eDF

H1 @ v velocity field of class C; (continuous & differentiable)

Ho, . Equipotential surfaces of gravity are locally spherical &
concentric (Earth locally spherical)

Hs : v velocity field is only varying with altitude H
e We want to integrate eikonal equation (quite easy in an Euclidean

space)
@ But it depends on the gradient of v that is curved like the Earth

= We will use tensors from absolute differential geometry to rewrite the
eikonal equation and solve it in curved space (See Eigenchris' Youtube
channel with "Tensors for beginner" and "Tensors calculus" series)

y
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Unified refraction model N}
Tensorial eikonal equation @ :eDF

d’xk 1 9v (dxi dxk gik> - L dx’dx

ds2  voxi \ ds ds Vds ds
With g : contravariant metric tensor and F,’-‘j : Christoffel symbols

ds ds
Zenith
2
()

F .
S 7 d’H  sin? (o

2~ 2
ds vo

AH

d’>t  sin(
ds? Vo

(v

with v/ = 92 & vq : velocity at emission (SVS)

Ro

2
- V) (cos (g — correction)
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Unified refraction model

Tools for solving

‘
~ S €DF

Along the path, we known p discrete values v; of the velocity at constant
length interval. One can deduce the p values v/ of the gradient.

With round trip duration At, we look for the true mean velocity ¥ such as

At
S=v - We have :
1 1 /51 1&1
- Sds~ =S =
v SJo v p = Vi
s d’H
AH = Scos(p + / (S—5) g2 ds  And a similar expression for 7 (S)
0
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Unified refraction model

Means from velocity and gradient fields

Av=v—w

1S 12
o2 = 7/ Avids~ =) Av?
S Jo p ;

1 1<
Twwy = g/ AvAv' ds = » Z Av; Av!
0 i=1
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0
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s T ST AvAY
S/ AvAv' ds L Avdvy;
0

q
~ T EeDF

Believe me or not, but
these horrible formulas
are very easy to de-
duce from velocity data
(means, weighted means,
covariance and standard
deviation) !

We can also introduce the
refraction coefficient k :

2 ~
o2 Tww Ro w
N:(I*/’ww)wﬁ H/:(lfﬂww’)w k — 0
w
y
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Unified refraction model
Finally the model

::3DF
@ From velocity profile, compute U, w, W/, p, p/, u, 1 and k
@ Length of the path S = 4t
@ Difference of altitude AH = Scos (o + S50 COW—Q(A k B) with
A=3—4p+2uand B=3—-2p—2p +2M
Q Arch length
T =Ssin(p — % W (2(1—p)—k(1—p')) — (correction)

0

@ Euclidean distance D = \/AH2 + (1 + AR—?) 72

@ Angular correction A = acos( (1 + 2R0> 2R0) o

Now, refraction can be considered as a rotation of the initial tangent '7'0,
by angle A( around the vector zenith x Ty, and scaled by distance D.
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Simulations from true velocity profiles N}
Method of comparison @ :eDF

@ 2 measured SVP (60 m deep fresh water & 2'300 m deep sea water)

@ 400 simulated beams (nadir angle up to 88°) with eikonal ray-tracing
@ From emitted angles and round trip durations, new method applied

e Formulae modifications required for vertical sound velocity profiles

e p velocity v; and gradient v/ are known at constant depth step

2 -2 s
v o sin? (o

@ cos(i ==+ 1—’2sm2§0%cosco—2€/ vv'ds
Yo v Jo

e Formulae for ¥, W, W/, p and p’ must be modified, for instance :
vi

Z cos (j
1

Z cos (j
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Simulations from true velocity profiles ¢
Algorithm ::eDF

Q |Initialization with S = vo% & AC =0 — approx sounding F

@ Extraction, from the SVP, of the velocity and gradient values v; & v/

© Computing 0, w, W/, p, p/, p, 1 and k

Q Then AH, 7, D and A{ — New sounding F

@ While ||FF|| > ¢ go to step 2 with F := F

© End — Final sounding F )
[ Comments on theprocess |

@ Most of the time, 5 iterations were required for 10~° convergence

o Let's compare the 3D distances between our final soundings and
ray-tracing !

v
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Simulations from true velocity profiles

Results in 60 m deep fresh water
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3D differences in mm :
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Simulations from true velocity profiles

Results in 2’300 m deep sea water

& 1 b
E \
Q 1 \
=
g 15
]
© 15104 : -
-2 000 -1500 -1000 -500 0
Q Altitude [m]
=
2 -
£ 2
Q@
@
<}
o1
°
=
20
=] s
o
5 -2 000 -1500 -1000 -500 0
Altitude [m]

Measured by iXBlue in
Mediterranean sea
(thanks!)

T. Touzé

3D differences in mm :
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Simulations from true velocity profiles ¢
Comments : :eDF

The 3D distances between ray-tracing and our model are smaller than :

@ 2 mm in 60 m deep fresh water (20 cm step for ray tracing)

@ 5cm in 2'300 m deep sea water (50 cm step) for distances smaller
than 1'500 m or angle smaller than 65°

@ Promising results, but it requires further investigations with true
observations

@ In land surveying, relative variations of velocity are 1’000 times
smaller. Hence we expect 1'000 times better results !
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¢
Conc|u5|on ' eD

@ New method takes benefit from both ways, in land surveying and
hydrography, to deal with refraction in a unified model

It seems able to solve all the weak points of slide 8
This model, in hydrography, allows much easier velocity errors analysis

Further validations are required but the first results are promising

Refraction can now be written as a rotation : it can also be use in
photogrammetry

@ I'm currently writing an english article describing entirely this work, it
should be publish in 2023
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